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Abstract 

We reinvestigate the two channel flavor anisotropic model (2CFAK) and one 
channel compacitified Kondo model (1CCK). For these two models, all the 
possible fixed points and their symmetries are identified; the finite size spec- 
tra, the electron conductivity and pairing susceptibility are calculated. It is 
shown that the only non-fermi liquid (NFL) fixed point of the 2CFAK is the 
NFL of the two channel Kondo model (2CK) with the symmetry 0(3) x 0(5). 
Any flavor anisotropics between the two channels drive the system to the 
fermi-liquid (FL) fixed point with the symmetry 0(4) x 0(4) where one of 
the two channels suffers the phase shift 7r/2 and the other remains free. The 
NFL fixed point of the 1CCK has the symmetry 0(3) x 0(1) and has the same 
thermodynamics as the NFL fixed point of the 2CK. However, in contrast to 
the 2CK, its conductivity shows T 2 behavior and there is no pairing suscepti- 
bility divergence. Any anisotropies between the spin and isospin sectors drive 
the system to the FL fixed point with the symmetry 0(4) where the electrons 
suffer the phase shift tt/2. The connection and differences between the two 
models are explicitly demonstrated. The recent conjectures and claims on the 
NFL behaviors of the two models are commented. 
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I. INTRODUCTION 



Extensive attention has been lavished on the overscreened multichannel Kondo model 
after the discover of its non-fermi liquid (NFL) behavior by Nozieres and Blandin (NB)§. 
NB also pointed out that lattice effects in real metals will cause the anisotropy between the 
two flavor channels and that in the low temperature limit, the impurity is totally screened 
by the strong coupling channel with the weak coupling channel unaffected. Using Numerical 
Renormalization Group (NRG), Ref.@ confirmed NB's conjecture. Using Conformal Field 
Theory (CFT), Ref.i found a relevant dimension 1/2 operator in the flavor sector near the 2 
channel Kondo (2CK) fixed point and suggested the system flows to the Fermi-liquid (FL) 
fixed point pointed out by NB. Using Yuval-Anderson's approach, Ref.i found a solvable 
line and calculated the exact crossover free energy function from the 2CK fixed point to the 
FL fixed point along this solvable line. 

It is known that in the large U limit, the ordinary one channel symmetric Anderson 
impurity model (AIM) can be mapped to the one channel Kondo model. However, as shown 
by Ref.BOl, if the original 0(4) symmetry of the AIM is broken to 0(3) x 0(1), in the strong 
coupling limit, the AIM is mapped to the one channel compactified Kondo model (1CCK) 
where the impurity spin couples to both the spin and the isospin (charge) currents of the one 
channel conduction electrons. 

Recently, Andrei and Jerezi, using Bethe Ansatz, reinvestigated the 2CFAK and conjec- 
tured that the 2CFAK flow to some new NFL fixed points. Coleman and SchofieldS, using 
strong coupling method, reinvestigated the 1CCK and claimed the system flows to another 
kind of non-Fermi liquid fixed point which, similar to 1-dim Luttinger liquid, has the same 
thermodynamics as fermi liquid but different excitation spectrum. Moreover, they claimed 
that the 1CCK has exactly the same low energy excitations as those of the 2CFAK, therefore 
concluded that their results also apply to the 2CFAK. 

So far, Bethe Ansatz can only calculate thermodynamic quantities of multichannel Kondo 
models, the correlation functions are needed to resolve if the fixed points are NFL or FL. 
It is important to point out that the charge degrees of freedom of the original model being 
removed, the 1CCK in Ref.H0 has completely different transport properties, correlation 
functions and excitation spectrums than the original 2CFAK, although it do share the same 
thermodynamic properties as the 2CFAK. 

As emphasized by AIM although the boundary interactions only happen in the spin 
sector; the spin, flavor and charge degree of freedoms are not totally decoupled, there is 
a constraint ( or gluing condition) to describe precisely how these degree of freedoms are 
combined at different boundary fixed points, the finite size spectrum is determined by this 
gluing condition. The boundary operator contents and the scaling dimensions of all the 
boundary operators are also given by the gluing condition. However, in order to find the 
gluing conditions at the intermediate coupling fixed points, the fusion rules should be iden- 
tified which are usually difficult in Non-Abelian bosonization approach. For 4 pieces of bulk 
fermions, the non- interacting theory possesses 5*0(8) symmetry, Maldacena and Ludwig 
(MS)§ showed that finding the gluing conditions at the fixed points are exactly equivalent 
to finding the boundary conditions of the fermions at the fixed points; the CFT describing 
the fixed points are simply free chiral bosons with the boundary conditions. In Ref.0, the 
author developed a simple and powerful method to study certain class of quantum impurity 
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models. The method can quickly identify all the possible boundary fixed points and their 
maximum symmetry, therefore avoid the difficulty of finding the fusion rules, it can also 
demonstrate the physical picture at the boundary explicitly. In this paper, we apply the 
method to study the two models. All the possible fixed points and their symmetries are 
identified; the finite size spectra, the electron conductivity and pairing susceptibility are cal- 
culated. All the leading and subleading irrelevant operators are identified, their corrections 
to the correlation functions are evaluated. In section II, Taking all the degrees of freedom 
into account, We show that the only NFL fixed point of the 2CFAK is the NFL fixed point 
of the 2CK with the symmetry 0(3) x 0(5). Any flavor anisotropies between the two chan- 
nels drive the system to the fermi-liquid (FL) fixed point with the symmetry 0(4) x 0(4) 
where one of the two channels suffers the phase shift it/ 2 and the other remains free. The 
conventional wisdom about the 2CFAK is rigorously shown to be correct. In section III, we 
repeat the same program to the 1CCK. We find that the NFL fixed point of the 1CCK has 
the symmetry 0(3) x 0(1) and has the same thermodynamics as the NFL fixed point of the 
2CK. The finite size spectrum is listed and compared with that of the 2CK. However, in 
contrast to the 2CK, its conductivity shows T 2 bahaviour and there is no pairing suscepti- 
bility enhancement. Any anisotropies between the spin and isospin sectors drive the system 
to the FL fixed point with the symmetry 0(4) where the electrons suffer the phase shift 
7r/2. The finite size spectrum of this FL fixed point is also listed and compared with that 
of the 2CFAK. In section IV, we conclude and propose some open questions. Finally, in the 
appendix, we study the stable FL fixed point of the 2CFAK using Non-Abelian bosonization 
and compare with the Abelian bosonization calculations done in section II. 



II. THE TWO CHANNEL FLAVOR ANISOTROPIC KONDO MODEL 

The Hamiltonian of the 2CFAK is: 
H = iv F jTd^x)*^ + JT A a (Ji a (0) + J 2 a (0))S a + J2 « a - J2(0))S a 



a=x,y,z a=x,y,z 



+ h{J dxJ z s {x) + S z ) (1) 

where Jf(x) = ^la^a^tpi^x) are the spin currents of the channel i — 1,2 conduction 
electrons respectively. a a = 0, ±A a correspond to the 2CK and the one channel Kondo model 
respectively. If A a = A, a a = a ^ , the above Hamiltonian breaks SU(2) S x SU (2)fXU (l) c 
symmetry of the 2CK to 517(2), x U(l) f x U(l) c ( or equivalently SU{2) S x U(l) cl x U(l) c2 , 
because we have two independent U(l) charge symmetries in the channel 1 and the channel 
2). 

In this section, for simplicity, we take X x = X y = A, X z ^ A; a x = a y = a, a z ^ a. The 
symmetry in the spin sector is reduced to U(l) x Z 2 ~ 0(2)0. In the following, we closely 
follow the notations of Emery-Kivelson0. Abelian-bosonizing the four bulk Dirac fermions 
separately: 

M*) = -^2=e-»*M (2) 
V lira 

Where $i a (x) are the real chiral bosons satisfying the commutation relations 
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[$ ia (x), ®jp(y)] = 5ij5 a pinsgn(x - y) (3) 

The cocyle factors have been chosen as: P n = P n = e inNl i , P 2 | = Aj. = e iw( - N ^ +N ^+ N n) , 
It is convenient to introduce the following charge, spin, flavor, spin-flavor bosons: 





2^ 


+ &U 


+ $2T 


+ $2| 






- &n 


+ $2T 




$ / = 




+ ®n 


- $2T 




®sf = 


2^iT 


- $u 


- $2T 


+ $2| 



(4) 

The spin currents J a (x) = J" (x) + J% (x) and J a (x) = Jf (a;) — ^2 ( x ) can expressed 
in terms of the above chiral bosons 

1 , 1 . , . 19$, 



J x = — cos $ s cos $ s /, J y = — sin $ s cos $ s /, J z 



7ra 7ra 27r ax 

1 1 1 d$ sf 

J x = sin $ s sin $ s/ , J„ = — cos $ s sin J z = — (5) 

na ira 2tt ox 

After making the canonical transformation U = exp[iS z Q s (0)} and the following 
refermionization 

e***./ S' = -iab 

1 



5 s = 






= 








1 , 





\Jl-na 



e iirN sf e -i<&sf 



! e i7r(dtd+7V s/ ) e -i* s ^ 



\Jl-na 



The transformed Hamiltonian H' = U HU 1 = ff s / + if s + 5 if can be written in terms 
of the Majorana fermionsB: 

ivp f , . . . da s f(x) , . .db s f(x). A . . a - 

5H = -\' z aba s (0)b s (0) - a z aba sf (0)b sf (0) (7) 

where X' z = X z — 2irvp- 

It is instructive to compare the above equation with Eq.3 in Ref.B They looks very 
similar: half of the impurity spin coupled to half of the spin-flavor electrons, another half 
of the impurity spin coupled to another half of the spin-flavor electrons. However the two 
canonical transformations employed in the two models are different. This fact make the 
boundary conditions of this model rather different from that of the two channel spin-flavor 
Kondo model (2CSFK) discussed in RefH 
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The above Hamiltonian was first derived by Ref.i using Anderson- Yuval's approach. 
They found the solvable line X z = 2nvp, a z = and calculated the exact crossover function 
of free energy along this solvable line. Using EK's method, We rederived this HamiltonianB. 
The huge advantage of EK's method over Anderson- Yuval's approach is that the boundary 
conditions at different boundary fixed points can be identified!!-! 

By using the Operator Product Expansion (OPE) of the various operators in Eq.|7P, we 
get the RG flow equations near the weak coupling fixed point X z = 2tivf, A = a = a z = 

dX 1 
da 1 

n = r - Xa > 

% = -Aa (8) 

The fact that we find two relevant operators in the above equations may indicate there 
are two intermediate coupling fixed points. However, in the following, the two intermediate 
coupling fixed points are shown to be the same. 

The original impurity spin in H are related to those in H' by 

Sf = USxU" 1 = S*cos$ s (0) - S y sm$ 8 (0) 
S* = USyU- 1 = ^sin$ s (0) + 5 y cos$ s (0) 

Sf = US z U~ l = S z (9) 

Using the refermionization Eq|| the original impurity spin in H can be written in terms 
of fermions 



J S,t I 



= i(ba S)i + db s 
Sy = i(bb Syi - ba S)i ) 

= -iab (10) 

At X' z = 0, the spin boson $ s completely decouples from the impurity in H', there- 
fore Xim%L^= 0. Because the canonical transformation U is a boundary condition changing 
operatoiOllZl, at X' z = 0, this leads to 

4(0) = -05,(0), 6£(0) = -%(0) (11) 

Following Ref.0, in order to identify the fixed points along the solvable line X' z = 0, a z = 
(we also set h = 0), we write H s f in the action form 

7i f , ~, ,dd(T) 72 f t ,db(r) 



- / dra(r)b sf (0, r) + i-^= [ drb(r)a sf (0, r) (12) 

When performing the RG analysis of the action S, we keeplll 1: 72 = 1, A fixed, 2: 
71 = 1, a fixed, 3: A, a fixed; three fixed points of Eq.[7| can be identified 
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A. Fixed point 1 



This fixed point is located at 71 = 0, 72 = 1 where b decouples, but a loses its kinetic 
energy and becomes a Grassmann Lagrangian multiplier. Integrating a out leads to the 
following boundary conditions^: 



(0) 



-b s J 



(0) 



Eqs.[TiyT3| can be expressed in terms of bosons: 

$s,L(0) = $., R (0) + 7T, $ S/ , L (0) = -$sfA°) + n 



(13) 



(14) 



This is just the non-fermi liquid fixed point of the 2CK. The three Majorana fermions 
in the spin sector being twisted, this fixed point possesses the symmetry 0(3) x 0(5). The 
finite size spectrum of this fixed point was listed in Ref.0. 

The local correlation functions at the 2CK fixed point areE 



(2(r)2(0)> 



1 

J 

r 



(Mt)Mo)> 



it 



(15) 



From the above equation, we can read the scaling dimensions of the various fields [b] = 
0, [3] = [a s ] = [b s ] = M = 1/2, [6,/] = 3/2. 

As shown in Ref.E-3, at the fixed point, the impurity degree of freedoms completely dis- 
appear: b decouples and a turns into the non-interacting scaling field at the fixed pointlll 



a ~ b s f(0,T) 



(16) 



Using Eq.10, the impurity spin turns into 



Using the relation 



We ge 



•22 



S* (r) = i(6a a>i (0, r) + b sf (0, r)b S)i (0, r)) 
S*(t) = i{bb s>i {0, r) - b sf {0, r)a M (0, r)) 
Sf(r) = i6fe.,(0,r) 



tp s (x) = U?p s (x)U 1 = isgnxijj S: i(x) 



S x {t) = i(— 66.(0, r) + b sf (0, r)a s (0, r)) 
5,(r) = z(6a s (0, r) + 6 s/ (0, r)6.(0, r)) 
S 2 (r) = i(bb sf (0, r) + a s (0, r)6 8 (0, r)) 



(17) 



(18) 



(19) 



The impurity spin-spin correlation function (S' a (r)S' a (0)) = -. 
The above equationsil are consistent with the CFT identifications!^ 



S 



+ J + 



(20) 
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The 2CK fixed point is unstable, because there is a dimension 1/2 relevant operator ba s f, 
the OPE of a s f with itself will generate the dimension 2 energy momentum tensor of this 
Majorana fermion T{r) = |a s/ (0, r) 8as ^°' r) , The OPE of the energy momentum tensor with 
the primary field a s f is 

T(n)a s/ (r 2 ) = + + L_ 2 a s/ (- 2 ) + •• • (21) 

(ji— t 2 J' ! ri — r 2 

First order descendant field of this primary field L_ia s f(0,r) = 8as H°' T ) w ith dimension 
3/2 is generated. X' z term in 5H has scaling dimension 3/2, it will generate a dimension 2 
operator a s (0, r) ^'j"' 7 - 1 + fe s (0, r) 8fe g°' T ^ . 7 2 term has dimension 2 also. 

From Eq.|15|, we can see a z term has scaling dimension 5/2, it can be written as 

: a(r)^ : a sf (0, r) =: b sf (0, r )^M : a sf (0, r) (22) 
The bosonized form of this operator is 

: (cos2$ s/ (0,r) - i(«9$ s/ (0, r)) 2 ) : sin $ s/ (0, r) (23) 

Using CFT, Ref.l predicted a dimension 1/2 relevant operator 0^ in the flavor sector. 
Ref.H classified all the first order descendants of the primary operator in the spin sector. In 
the flavor sector, the same classification apply, J_i ■ <pf is Charge-Time Reversal (CT) odd, 
therefore is not allowed, but is CT even. The CFT analysis is completely consistent 

with the above EK's solution. 

In order to make this fixed point stable, we have to tune a = a z = 0, namely the channel 
anisotropy is strictly prohibited. If a = 0, but a z ^ 0, because a z is highly irrelevant, it 
seems the 2CK fixed point is stable. However, this is not true. From the RG flow Eq.|8], it 
is easy to see that even initialy a = 0, it will be generated, a z is 'dangerously' irrelevant. 



B. Fixed point 2 

This fixed point is located at 71 = 1,7 2 = where a decouples, but b loses its kinetic 
energy and becomes a Grassmann Lagrangian multiplier. Integrating b out leads to the 
following boundary conditions: 

% J (0) = -a£(0) (24) 
Eqs. |Tl~l , |2"4] can be expressed in terms of bosons: 

$ s ,l(0) = $ s ,fl(0) + 7T, $ s /,l(0) = -® s fA°) ( 25 ) 

This fixed point also possesses the symmetry 0(3) x 0(5). In fixed points 1 and 2, a and 
b, b s f and a s f exchange roles. 

As discussed in the fixed point 1, a z is 'dangerously' irrelevant. In order to make this 
fixed point stable, we have to tune A = a z = 0. This fixed point is actually the same with 
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the 2CK fixed point. This can be seen most clearly from the original EqJJ: if A = a z = 0, 
under the SU{2) transformation on the channel 2 fermions ip2] ~^ ^2] ■, ^2] ~^ ~^2\i the 
spin currents of channel 2 transform as Jf — > — Jf , Jf — > — Jf ? Jf ~ ^ Eq.[I| is transformed 
back to the 2 channel flavor symmetric Kondo model. This can also be seen from Eq.|5], 
J x , J y , J z also satisfy the SU2C2) algebra. 



C. Fixed point 3 

This fixed point is located at 71 = 72 = where both a and b lose their kinetic energies 
and become two Grassmann Lagrangian multipliers. Integrating them out leads to the 
following boundary conditions: 

#(0) = -&?(0), <#(0) = -a#(0) (26) 



Eqs.|TT|, |2q can be expressed in term of bosons: 

*i = *£ + 7r, = (27) 

Substituting the above equation to Eqs. |2] || and paying attention to the spinor nature 
of the represent at ionil, it is easy to see that depending on the sign of a, one of the two 
channels suffer | phase shift, the other remains free. The four Majorana fermions being 
twisted, this fixed point has the symmetry 0(4) x 0(4) with g = 1. The finite size spectrum 
of this fixed point is listed in Table |, it is the sum of that with phase shift 7r/2 and that of 
free electrons. This scenario is completely consistent with NRG results of Ref.i. 

The local correlation functions at the FL fixed point are0: 

(S(r)3(0)> = -, (Mt)M0)> = 4 

<S(r)?(0)> = -, (a sf (r)a sf (0)} = % (28) 

From the above equation, We can read the scaling dimensions of the various fields: 
[3] = [b] = [a s ] = [6J = 1/2, [a sf ] = [b sf ] = 3/2. 

At the fixed point, the impurity degree of freedoms completely disappear: a, b turn into 
the non-interacting scaling fields at the fixed point 

a~MM, &~a s/ (0,r) (29) 

Using EqsjTt], |T^, the impurity spin turns into 



S x {t) = i{-a sf {0, r)b s {0, r) + b sf (0, r)a s (0, r)) 
S y (r) = i(a sf (0, r)a s (0, r) + b sf (0, r)b s (0, r)) 

S z (t) = i(a sf (0, r)b sf (0, r) + a s (0, r)6 s (0, r)) (30) 
The impurity spin-spin correlation function show typical FL behavior 

(S z (r)S z (0)} = 1 (31) 
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Using the fermionized form of the Eq|| and paying attention to the spinor nature of the 
representation, it is easy to see the impurity spin renormalizs into either Ji(0, r) or ^(O, r) 
depending on the sign of a. This is consistent with the CFT analysis in the Appendix. 

There are 4 leading irrelevant operators with dimension 2 in the action S : 71 and 72 
terms, \' z term and a s (0, r) 9a g°' r ^ + b s (0, r) 9bs Q^ which will be generated by the X' z term. 

The a z term has dimension 4, it can be written as : a(r) ^) :: b(r)^^- :. 
The bosonized forms of the 4 leading irrelevant operators areil 

3(r) ^0 =cos 2$ s/ -i(a$ s/ (0)) 2 

^)^ = -cos2$ s/ -i(9$ s/ (0)) 2 



a&a fl (0)6 s (0) = 0$ fl/ (O,r)0$ fl (O, 



a,(0,r)^> + 6,(0, r)«^I> = ( ». (0 , T ))> (32) 

Following the method developed in Ref.0, their contributions to the single particle Green 
functions can be calculated. The first order correction to the single particle L-R Green 
function ( 37 > 0, x 2 < ) due to the first operator in the above Eq. is 

( ^1,^)^2,72)) = J d r ( e -$M*i,n) e **e(* a ,*0) 

X (| e -5* s ( :r l' T l) e 2(* s ( :1 '2' T 2)+ 7r )^ e -| <I, /( a; l: T l) e |-I'/(^2,T2)^ 

x ( e -i*./(*i.n)(. cos 2$ s/ (0,r) : -i : (<9$ s/ (0, r)) 2 :) e *(*./G^)-Hr)) 

~ (*i - ^)~ 2 (33) 

Where z± — T\ + %X\ is in the upper half plane, ^ 2 = r 2 + ia;2 is in the lower half plane. 
By using the following OPE: 

: e -l*.,W e f := (zi _ ^-1/4 _ * ^ _ ^3/4 . 9$s/(22 ) . 

-1(Z! - z 2 ) 7 ' A : <9 2 $ s/ (^ 2 ) : - Z2) 7/4 : (d$ sf (z 2 )) 2 : + • • • (34) 

It is ease to see that the primary field : cos 2$ s /(0, r) : makes no contributions to the three 
point function. It was shown by the detailed calculations in RetS that only the part of the 
self-energy which is both imaginary and even function of ui contributes to the conductivity. 
Although the energy momentum tensor : (d<& s f(0, r)) 2 : do make ~ to contribution to the 
self-energy in the first ordered, because it is a odd function, it does not contribute to the 
electron conductivity in this order. Same arguments apply to the other operators in Eq.|32|. 
Second order perturbations in these operators lead to the generic T 2 fermi liquid bahaviour 
of the electron conductivity. 

The results of this section were applied to a two level tunneling system with slight 
modifications in Refill The universal scaling functions in the presence of external magnetic 
field which breaks the channel symmetry were also discussed there. 
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III. COMPACTIFIED ONE CHANNEL KONDO MODEL 



Assuming Particle-Hole symmetry, the non-interacting one channel Kondo model has two 
commuting £77(2) symmetry, one is the usual spin symmetry with the generators J a (a = 
x, y, z) another is the isospin symmetry with the generators I a (a = x, y, z). 

11 1 

J x = 2 WV'i + ^Vt)> J y = ^(Vw ~ nV , ?)> J z = ^n^t ~ n^i) 

4 = 2^M + ^) S ^ = ^(^1-^). ^ = ^Vt + ^Vl) (35) 

The diagonal and off-diagonal components of the isospin currents represent respectively 
the charge and pairing density at the site x. 

The one channel compactified model proposed by Ref.Q is a model where the impurity 
spin couples to both the spin and the isospin currents of the one channel conduction electrons 



H c = iv F r dx^ a {x) d ^^+ ]T A°(/ a (0) + J a (0))£ a + a a (/ a (0) - J a (0))£ a 



■ i- 

a=x,y,z a=x,y,z 

+ h(Jdx{I z {x) + J z (x)) + S z ) (36) 

The ordinary symmetric Anderson impurity model in a one dimensional lattice is 
H = it^^Kn + ~ h.c.) 

+ iVY,(£(Q)d a - h.c.) + C/(n dT - l -){n dl - l -) (37) 

The 0(4) symmetry of the AIM can be clearly displayed in terms of the Majorana 
fermions 

V'tH = ~^=(Xi( n ) - «Xa(ra)), d T = 7^|( rf i - id 2) 

$l{n) = -^(-XaW ~ l xM), d l = -j=(~ d 3 - ido) (38) 



Breaking the symmetry from 0(4) to 0(3) x 0(1) in the hybridizations, the Hamiltonian 
37\ becomes: 

3 

H = it Y.J2 Xa(n + l)Xa(n) + iVoXo(0)d 

n a=0 
3 

+ iVj2 Xa(0)d Q + Ud 1 d 2 d 3 d (39) 

a=l 

In the large U limit, projecting out the excited impurity states, we can map the Hamil- 
tonian |39| to the 1CCK Hamiltonian ^ with 

A = 1T' a = -— (40) 
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If Vo = V, Eq.|39| comes back to the original 0(4) symmetric AIM. In the strong coupling 
limit, it becomes the one channel Kondo model where the impurity only couples to the spin 
currents (or isospin currents) of the conduction electrons^. 

If V = 0, then a = 0, Eq.[39| becomes the isotropic 1CCK where the impurity couples 
to the spin and isospin currents with equal strength. If we define the P-H transformation 
-01- — > ip^, -0| — > ?/>j, then spin and isospin currents transform to each other I a — > J a , J a — > I a . 
The Hamiltonian has the P-H symmetry if a = 0. 

In the following, parallel to the discussions on the 2CFAK, we take X x = X y = A, A z 7^ 
A; a x = a y = a, a z 7^ a. We bosonize the spin j and spin { electrons separately 

M*) = -S=c-»-W (41) 

The cocyle factors have been chosen as Pf = Pj_ = e lnN i . 

The bosonized form of the spin and isospin currents in Eq.[35| are 

XX X d 

!„ = -— cosV2$ c , I v = -— smV2$ c , I z = - — —V2$ c (42) 
2na 27ra 47r ox 

where $ c , $ s are charge and spin bosons: 

$c = 72 ($T + $i) ' $s = 7f( $ T-^) (43) 

The sum J"(x) = I a (x) + J a (x) and the difference J^{x) = I a (x) — J a (x) can be expressed 
in terms of the chiral bosons 

111 <9$T 
J s x = — cos $ T cos $j , J* = — sin $ T cos $^ , J° 



na ' v na 1 4 ' * 2tt 9a; 

= -— sin $ T sin $|, 3 d = — cos$ T sin$|, = --"-^ (44) 
7ra y 7ra 27r ax 

Compare Eq.|5] with Eq.|44|, we immediately realize that the mapping between the 2CFAK 
and the 1CCK is $ s — > $f,$ s j — > $|, therefore ^ s — > ip^,ip s f — > The following fixed 
point structure can be immediately borrowed from the corresponding discussions on the 
2CFAK. 



A. Fixed point 1 

The boundary conditions are 

VT,L = -V'T.Hj V'i.l = "*I>\,r (45) 

It is easy to see that the above boundary conditions respect the P-H symmetry, they can 
be expressed in terms of bosons 

$ t ,l = + ^ $i,£ = -$i,.R + 7r (46) 
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Spin | electrons suffer a | phase shift, however, spin j, electrons are scattered into holes 
and vice-versa. The one particle S-matrix are = — 1,S± = 0. The residual conductivity 
of the spin f electron takes unitary limit, but that of the spin I is half of the unitary limit. 
The isotropic 1CCK has the same thermodynamic behaviors as the 2CK, but its fixed point 
has the local KM symmetry Oi(3) x Oi(l). The finite size spectrum of this NFL fixed point 
is listed in Table |T|. Comparing this finite size spectrum with that of the NFL fixed point 
of the 2CK listed in RefB, it is easy to see that it has the same energy levels as those of 
the 2CK, but the corresponding degeneracy is much smaller. This is within the expectation, 
because the central charge c = 2 and the fixed point symmetry of the isotropic 1CCK is 
smaller than that of the 2CK. 

This fixed point is stable only when a = a z = where the Hamiltonian [36] has P-H 
symmetry. 

Away from the fixed point, there is only one dimension 3/2 operator 

abd^ (0) ~ cos $ x (0)<9$ T (0) (47) 

The first order correction to the single particle L-R Green function ( x\ > 0,x 2 < ) 
due to this operator is 

J dr(e-^ (xi ' Tl) cos$ i (0,r)e- 4,I> i {a;2 ' T2) )(9<l> T (0,r)) = (48) 

By Wick theorem, it is easy to see that any odd order corrections vanish. 
Second order correction goes as ~ oj which is a odd function, therefore does not contribute 
to the electron conductivity. The fourth order makes T 2 contributions. 
There are two dimension 2 operators: 

x dat(0,r) . , n ,<%t(0,r) . .. 2 

a T (0.T) g r + 6 t(0.t) q t — = (d$i(0,T)) 2 

2(r)^ = cos2$ i -i(a$ i (0)) 2 (49) 

The first order correction to the spin j electron L-R Green function due to the first 
operator in Eq|49] is 

J dTie-'*^ 1 ' 7 ^ : (<9$ T (0,r)) 2 : e l ^ x ^ )+ ^) ~ ( Zl - z 2 )~ 2 (50) 

As pointed out in the last section, the energy momentum tensor : (9$t(0, r)) 2 : makes 
~ u contribution to the self-energy in the first order, therefore does not contribute to the 
electron conductivity. Second order perturbation in this operator leads to T 2 contributions. 

Adding the contributions from all the leading irrelevant operators, we get 

<7 T (T) ~ ( 7 U (1 + T 2 + T 4 + -..) (51) 

The first order correction to the spin j, electron L-R Green function due to the 2nd 
operator in Eq. HS] is 
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J dr(e-^ (zi ' Tl) cos2<l> i (0,r)e^ (:C2 ' T2) ) 
_Iy dr(e- < *i (a!l ' n) (9$ i (0,r)) 2 e- i *i (!e2 ' ,5,) > (52) 
By using the following OPE: 

: e"^ (zi) :: e"^ {22) := { Zl - z 2 ) : e^ 2 *^ : -i{z x - ^ 2 ) 2 : e'^^d®^) : + • • • (53) 

It is ease to see that the second integral vanishes, but the /irs£ becomes 

If 1 

(zi - z 2 ) 1 J [zi - r) 2 (r - z 2 y 

Putting A = 1 in Eq. (3.52) of Ref.0, we find the imaginary and real parts of self-energy 
go as ImE(uj,T = 0) = 0, ReJ2(u,T = 0) ~ u, therefore the first order perturbation does 
not contribute to the spin { electron conductivity. Second order perturbation yields a T 2 
contributions. 

Adding the contributions from all the leading irrelevant operators, we get 

a i (T)~2a u (l+T 2 + T A + ---) (55) 

The total conductivity is the summation of the two spin components!! 

cr(T) = <r T (T) + crj(T) ~ 3o-„(l + T 2 + T 4 + ■ • ■) (56) 

The boundary OPE of the spin and density of the conduction electrons are 

ip\(z 1 )^(z 2 ) = (zi - Z2)' 1 + id^ + ■■■ 
^\(z l )iJ l (z 2 ) = + --- 
^( Zl )^(z 2 ) = e^°~> + ■ ■ ■ 

^l( Zl )^(z 2 ) = e-^W + ■ ■ ■ (57) 

The boundary OPE of the spin singlet and triplet pairing operators are 

^( Zl )^(z 2 ) = H 

i>l(zi)il>i(z2) = (zi - z 2 )~ l - id$ l + ■■■ 

^( Zl )^(z 2 ) = -e-^^ + ... (58) 

The P-H symmetry interchanges the pairing and spin operators in the f J, and |f channels. 
From Eq.[58|, we can identify the pairing operators 

O s = e -^(°), e> c = e- iv/2 * c(0) , 0^ = ^(0) (59) 

The paring operators in all the channels except in the ft channel have scaling dimension 
1, therefore their correlation functions decay as r~ 2 . Comparing these pairing operators 
with those at the FL fixed point ( Eq. |71| ) to be discussed in the following, we find the 
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pairng. susceptibility in H channel is enhanced. However, in contrast to the 2CK fixed 
pointt3, the enhancement is so weak that there is no pairing susceptibility divergence at the 
impurity site in any spin channel. This result is somewhat surprising. Naively, we expect 
pairing susceptibility divergence because the impurity interacts with the pairing density 
of the conduction electrons at the impurity site. However, the above explicit calculations 
showed that this is not true if there is only one channel of conduction electrons. Naively, 
we do not expect pairing susceptibility divergence in the 2CK, because the impurity spin 
interacts only with the total spin currents of channel 1 and 2, no isospin currents of 
channel 1 and 2 are involved in the interaction. However, the explicit calculation of the 2CK 
showed that the pairing operator in the spin and flavor singlet channel has dimension 1/2 ( 
however, the pairing operators in flavor singlet and spin triplet channel has dimension 3/2), 
therefore the spin and flavor singlet pairing susceptiblity at the impurity site is divergent^. 
This indicates that we can achieve the pairing susceptiblity divergence without a pairing 
source term. We conclude that more than one channel of conduction electrons are needed 
to achieve the pairing susceptipility divergence. 



B. Fixed pointed 2 

The boundary conditions are 

^T,L = ~^,R, ^i,L = ~^1,r (60) 

The above boundary conditions can be expressed in terms of bosons 

<l> h L = ^,R + ^, <5>l,L = (61) 

This fixed point is stable only when A = a z = 0. If we define the P-H transformation 
■0T ~~ > ^h^l ~^ then the spin and isospin currents transform as I x — > —J x ,I y — > 



—J y ,P — > J z ; J x — > —I x , J v — > —I y , J z — > I z ■ The Hamiltonian |36| has this P-H symmetry 
if A = a z = 0. 

This is the same fixed point as fixed point 1. 



C. Fixed pointed 3 

The boundary conditions are 

Vt,l = ~^,R, = ~^i,r (62) 

The above boundary conditions can be expressed in terms of bosons 

$T,l = $t,R + ^ = ®i,r + (63) 

Both spin j and j. electrons suffer | phase shift. The physical picture is that the impu- 
rity spin is either totally screened by the spin current or the isospin current of conduction 
electrons depending on which coupling is stronger!!. This is a FL fixed point with 0(4) 
symmetry. The finite size spectrum is listed in Table ||. 
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The bosonized forms of the 4 leading irrelevant operators areil 

a(r)^ = cos2$ i -l(9$ i (0)) 2 

6(r)^ = -cos2$ i -i(9$ i (0)) 2 
a6a T (0)6 T (0) = 0$;(O, r)<9$ T (0, r) 
a,(0, r) ^M + M0,r)^ = (»,(0,r)f (64) 

The first order correction to the spin j electron L-R Green function due to the 4th 
operator in Eq.^4| is also given by Eq.[50| The correction due to the 3rd operator in Eq.64 
can be similarly evaluated. We get the low temperature expansion of the spin f electron 
conductivity 

or T (T) ~a M (l + T 2 + T 4 + ---) (65) 

The first order correction to the spin j electron L-R Green function due to the first 
operator in Eq. |5~4] is 



J dr(e-^^ x ^ cos2$ i (0,r)e i( ^ (:E2 ' T2)+ " ) ) 



~\S dT ^ l{Xl,T1 \ d ^i^^)f e ^ l{X2 ' T2)+ ^) ( 66 ) 
By using the following OPE: 

: e~^ M :: e**^ := ( Zl - z 2 )~ l - % : d^(z 2 ) : 

+ : d^(z 2 ) : - Z -^ : (c^(z 2 )) 2 ■.+■■■ (67) 

It is ease to see that the first integral vanishes and the second are the same as Eq.|50|. 
The corrections due to the 2nd and the 3rd operators in Eq.|63] can be similarly evaluated, 
the low temperature expansion of the spin j electron conductivity follows 

a i {T)^a u {l + T 2 + T 4 + ---) (68) 

Note that only at the FL fixed point, the spin SU(2) symmetry is restored, therefore the 
expansion coefficients in Eqs. |65| , |68| are different. 

The total conductivity is the summation of the two spin components 

a(T) = <J](T) + a^T) ~ 2<7„(1 + T 2 + T 4 + • • •) (69) 

The boundary OPE of the spin and density of the conduction electrons are 

^\{zx)^%) = (zi - z 2 )~ l + id<S>! + ■■■ 

iplizjipfa) = Oi - z 2 y l + id$ i + ■■■ 

^x)^) = e^'W + • • • 

^\( Zl )^(z 2 ) = e-^W + ■ ■ ■ (70) 
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The boundary OPE of the spin singlet and triplet pairing operators are 



^1(^1)^1(^2) 
^(^1)^1(^2) 



o + -.. 

+ --- 

_ e -iV2$ c (0) _|_ 
e -tV^* c (0) _j_ . . 



(71) 



The above equations should be compared with the corresponding Eqs.|57| and |58| at the 
NFL fixed point. 



IV. CONCLUSIONS 



By the detailed discussions on the low temperature properties of the two related, but 
different single impurity models, we clarify the confusing conjectures and claims made on 
these two models. In evaluating the single particle Green functions and pairing susceptibil- 
ities, all the degree of freedoms have to be taken into account, even though some of them 
decouple from the interactions with the impurity. We explicitly demonstrate that different 
quantum impurity models are simply free chiral bosons with different boundary conditions. 
In Ref.0, the author studied another single impurity model where the impurity couples to 
both the spin and the flavor currents of the two channel electrons ( 2CSFK). In Ref.il, 
the author solved a two level tunneling model which can also mapped to a single impurity 
model. As shown in Ref.il, finite number of impurity models can always mapped to a single 
impurity model. From the results of this paper and Refs.@il, we conclude that in clean, 
finite number of impurity models (1) FL behaviors are extremely robust, any perturbation 
in the flavor sectors will destroythe NFL behaviors. (2) due to the phase space arguments 
given in this paper and in RefsH'S, it is very unlikely to find the NFL linear T bahayiour 
of the electron conductivity which was observed in the certain heavy fermion systems^ and 
in the normal state of high- T c cuprate superconductors. There are three possible wavs to 
explain this experimental observation (11 disorder effectsil (1) Kondo lattice modeS (3) 
near to some quantum phase transitions^, for example, near the phase transition between 
the metallic spin-glass and disordered metal^E. 
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APPENDIX A: CFT ANALYSIS OF THE STABLE FIXED POINT OF THE 

2CFAK 



We can also analysis the stable fixed point from CFT. Without losing generality, sup- 
posing at this fixed point, the impurity is totally absorbed by the channel 1 conduction 
electrons Ji(x) = J\(x) + 2n5(x)S. Slightly away the fixed point, the channel 2 conduction 
electrons also couple to the impurity. It has been shown by the author there is only one 
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leading irrelevant operator Qq = jfi(O) • jfi(O) even in the 0(2) one channel Kondo modefi 
The Hamiltonian H = Hi + H 2 + H\2 is 

Hi = -J dxJi(x) -Ji{x) + hJ dxj?{x) + AiJi(O) ■ Ji{0) + ■ ■ ■ 
H 2 — - J dx.J2(x) ■ J 2 {x) + h J dx.Jl(x) 

H l2 = X z 2 JmS z + A 2 (Jf (0)5* + Jl(0)S y ) (Al) 

At the fixed point S ~ i7i(0) + - • •, it is easyto show that the following 4 leading irrelevant 
operators with dimension 2 will be generated^ 

01 = l -0m- cfi(o)+j 2 (o)- j 2 (o)) 

2 = -(^(0) • £(0) - J 2 (0) • J 2 (0)) 
Os = |^i(0) • J 2 (0) 

4 = J|(0) - ^(^(0)^(0) + Ji 2 (0) J 2 2 (0)) (A2) 

This four operators are consistent with those listed in Eq.^. The first order per- 
turbations in the leading irrelevant operators yield the typical fermi liquid behaviors: 
Cimp ~ AiyT, Ximp ~ |(Ai + )■ In contrast to one channel spin anisotropic Kondo 
model, R = 2(1 + A |^ A4 ) is non- universal. 

The second oder perturbations yield 

aiOn-a^l+T 2 + •••), (A3) 

The residual conductivity of channel 2 comes from the potential scattering which is 
neglected in this appendixil. The total conductivity is the summation of those from the two 
channels. Similar CFT analysis can be applied to 1CCK. 

The CFT analysis in this appendix can only show that the fixed point examined here 
is stable, but cannot rule out the possible existence of the other fixed points. The Abelian 
Bosonization analysis in Sec. II identified all the possible fixed points and showed this fixed 
point is the only stable fixed point. 
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TABLES 
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16 
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16 


R 
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1 


24 


NS 


R+lst 
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16 


NS+2nd 
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1 


24 



TABLE I. The finite size spectrum at the stable FL fixed point of the 2CFAK with the 
symmetry 0(4) x 0(A). See Ref.0 for explanations. It is the superposition of the finite size 
spectrum of free electrons and that of electrons with phase shift 7r/2. 
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TABLE II. The finite size spectrum at the FL fixed point of the 1CCK with the symmetry 



0(4). 
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6 


NS 
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6 
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R 
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TABLE III. The finite size spectrum at the NFL fixed point of the 1CCK with the symmetry 



0(1) x 0(3). 
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